at their regularly scheduled meetings or in conference calls. One often-neglected consequence of quarterly averaging is that any change in the target federal funds rate will affect the quarterly average in two different quarters. For example, if policymakers raise the target by 50 basis points precisely halfway through this quarter, then the current quarter's average will rise by 25 basis points relative to last quarter, and next quarter's average will also exceed this quarter's average by 25 basis points, all else equal. Note that this calculation relies on a key feature of target changes: They are in effect until further notice and not for a specified time period. In other words, monetary policymakers could announce a 25-basis-point increase in the target federal funds rate that would be in effect for the next 60 days, but this is not what they do. Instead, each target change is in effect until further notice. Hence, a target change made now is likely to persist into the following quarter.
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Despite this clear source of predictable change in the quarterly average of the federal funds rate, the vast bulk of the literature that estimates policy equations ignores information concerning the timing and magnitude of discrete changes to the target federal funds rate. As a result, such empirical models end up trying to predict the effect on the monthly or quarterly average of known, past policy actions rather than include this piece of data in the forecast information set. While this information about discrete target changes might seem like a second-order issue in the estimation of policy equations, we present estimates of a Taylor-type policy equation (Taylor, 1993 ) that suggest otherwise. It turns out that policy equations of the quarterly average of the federal funds rate that take account of discrete changes to the target federal funds rate fit the data substantially better than those that omit this information. In addition, we show that empirical results on important policy questions can be overturned, depending on whether a discreteness-adjustment
Discrete Policy Changes and Empirical Models of the Federal Funds Rate
Michael J. Dueker and Robert H. Rasche I n macroeconomic models with monthly or quarterly data, it is common to assume that variables-such as output, investment, and inflation-respond to the monthly or quarterly average of the daily federal funds rate. The idea is that the cumulative flow of investment spending within a quarter, for example, does not depend on the value of the federal funds rate at a point in time but, instead, on its average level throughout the quarter. In fact, the use of the monthly or quarterly average of the federal funds rate is common practice in a variety of empirical macroeconomic models, from vector autoregressions (e.g., Bernanke and Blinder, 1992) to estimated versions of stochastic dynamic general equilibrium models (e.g., Lubik and Schorfheide, 2004) . In addition, the daily effective federal funds rate contains noise in the form of departures from the target level set by monetary policymakers, as a result of idiosyncratic conditions in the interbank loan market on a given day. Averaging the daily rates across a month or quarter is one way to cancel most of this noise-and is yet another reason why the use of monthly and quarterly averages has become a widely used measure of monetary policy. Hence, regardless of the direction of the evolution of empirical macroeconomics, the use of the monthly or quarterly average of the daily federal funds rate will likely remain common practice.
Another feature common to otherwise disparate approaches to macroeconomic modeling is that the federal funds rate has its own equation called the policy equation. Because Federal Reserve policymakers use the federal funds rate as their policy instrument, one equation in the model describes the way that policymakers adjust the policy instrument in response to the current state of the economy. In practice, monetary policymakers adjust a target level for the federal funds rate by discrete increments term is included in the estimation of a policy equation. In particular, we focus in this paper on a debate concerning the source of interest rate smoothingan issue discussed in greater detail in the next section. Given the results in this paper, we recommend that such a discreteness-adjustment term be included as a regular feature of empirical models of the quarterly or monthly average of the federal funds rate.
THE DEBATE ON INTEREST RATE SMOOTHING IN ESTIMATED POLICY EQUATIONS
One lively debate in empirical macroeconomics is whether monetary policymakers adjust the federal funds rate gradually in response to developments in the economy or, alternatively, whether the determinants of the interest rate evolve gradually enough to account for the sluggish pace of observed changes in the interest rate. Sack (2000) and Clarida, Galí, and Gertler (2000) argue for the former; Rudebusch (2002) argues for the latter; English, Nelson, and Sack (2003) find evidence of both. This question can be summarized as follows: Do policymakers smooth the interest rate by overtly choosing to adjust it gradually? Three reasons have been put forth for rate smoothing and partial adjustment. First, policymakers are uncertain about the true structure of the economy and this source of possible policy mistakes leads them to act less forcefully in the short run (Sack, 2000) . Second, and similarly, policymakers are uncertain about the accuracy of initial data releases-another source of possible policy mistakes (Orphanides, 2001) . Third, and perhaps most relevant, is the idea from Woodford (2003) that monetary policymakers can influence market expectations if they show a willingness to implement-even through gradual actions-a large long-run interest rate response if necessary. For example, suppose that policymakers indicate that they are willing to raise the federal funds rate by an eventual amount of 120 basis points if a 40-basis-point increase in inflation persists. Policymakers demonstrate this willingness by embarking on a path of raising the interest rate gradually. If the public believes that this gradual path will be implemented for as long as necessary to reduce inflation, market expectations will adjust quickly, with the beneficial effect of reducing inflation without requiring much actual increase in the interest rate.
A dissenting voice to the interest rate smoothing argument is Rudebusch (2002) , who suggests that episode-specific factors influence the setting of monetary policy and are not captured by simple empirical policy equations. For example, the credit crunch in the early 1990s, the financial market upset in 1998, and the terrorist attacks on September 11, 2001, all created uncertainties that had a persistent influence on the level of the federal funds rate, yet they are not incorporated in simple policy equations. Rudebusch suggests that purported evidence of interest rate smoothing is actually only a product of omitted variable bias. Since it is not really possible to include or even measure all of the relevant variables in an interest rate regression, Rudebusch (2002) concludes that the lagged policy rate (a measure of interest rate smoothing) can be included in regressions but should not be interpreted as a structural feature of monetary policy practice.
To disentangle these two competing hypotheses, English, Nelson, and Sack (2003) studied a specification for a policy rule that can nest these two interpretations of Federal Reserve policy. Their results suggest a significant role for both interpretations, although their analysis indicated that interest rate smoothing was perhaps the most important factor quantitatively. In this article, we demonstrate that empirical tests concerning this debate can be overturned if the effects of discrete target changes are taken into account. The next section describes such a discreteness adjustment.
DISCRETE TARGET CHANGES AND FORECASTS OF THE QUARTERLY AVERAGE
The discreteness adjustment is the one used in Dueker (2002) and assumes that any target change made to the federal funds rate during the quarter is likely to remain in force through the next quarter. In this case, the starting point for this quarter's funds rate is not the previous quarter's average but the target rate that held at the end of the previous quarter. Another way to look at this issue is to note that, if a quarter has N business days and a 50-basis-point increase in the target federal funds rate occurs after N j business days have elapsed in the quarter, then, other things equal, the effect of such a target change on the next quarter's average, relative to this quarter's average, would be to increase it by N j /N × 50 basis points above this quarter's average, i t . If more than one discrete change takes place within a quarter, then the effect of the target changes on the quarterly average would be 
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P e r c e n t (1) ,
where the discrete target changes are denoted ∆i T and DDV is the discreteness variable first used in Dueker (2002) . An equivalent way to present this discreteness adjustment is that it serves as a link between last quarter's average and the target rate at the end of the quarter:
( 2) where i T is the end-of-period value of the target federal funds rate and i is the quarterly average. Figure 1 plots the target federal funds rate along with the quarterly average of the federal funds rate. In the chart, one can see that target changes can precede some upward and downward shifts in the quarterly average. Figure 2 makes this pattern even more apparent: It plots the changes in the quarterly average, i t -i t -1 , with the discreteness adjustment,
It is clear from the close correspondence in Figure 2 that DDV t-1 will be a relatively powerful predictor of changes in the quarterly average of the federal funds rate, based on target changes that took place in the previous quarter. Indeed this conjecture proves to be the case in the empirical results presented in the next section. English, Nelson, and Sack (2003) observed that the hypotheses of interest rate smoothing and persistent omitted factors can be nested in one specification of a policy equation. Using their notation, let i, π, and y denote, respectively, the interest rate, the inflation rate, and the output gap. As discussed above, the interest rate used as the monetary policy instrument is the quarterly average of the federal funds rate; the inflation rate is the most recent fourquarter change in the chain-weighted personal consumption expenditures price index; the output gap is the percentage difference between chainweighted real gross domestic product (GDP) and the potential GDP measure from the Congressional Budget Office. The sample period is from 1984:Q2 to 2004:Q2 and coincides with the period for which a well-accepted series for the target federal funds rate exists.
ESTIMATION RESULTS FOR LINEAR TAYLOR RULES WITH RATE SMOOTHING
For this illustration of the effects of discrete target changes on the quarterly average of the federal funds rate, the basic policy equation is a contemporaneous where iˆrepresents the Taylor rule-implied level of the federal funds rate in the absence of interest rate smoothing and policy concerns other than inflation and the output gap; λ is the interest rate smoothing parameter under the assumption that the rate policymakers inherit from the past is i t -1 (which we can also call the reference rate for the purposes of interest rate smoothing); and ρ measures the persistence of omitted factors that also concern monetary policymakers. For the side of the debate that believes that monetary policymakers smooth interest rates purposefully, λ would account for the gradual adjustment of the federal funds rate and ρ would be zero. For the opposite side of the debate, λ would be zero and the gradual adjustment would be explained by errors due to omitted ancillary policy concerns, such as financial market disturbances, in the form of autoregressive model errors. The purpose of the interest rate smoothing equation is to assume that monetary policymakers set the rate this period equal to a weighted average of the rate implied by the Taylor rule and the rate inherited from the previous quarter. Following the previous period's target changes, however, the rate inherited from the past ought to be the end-of-period target level, i T t -1 , and not i t -1 , the previous quarter's average. But this hypothesis is testable, as we can nest the two specifications as follows.
With discreteness adjustment, the expression in equation (3) where iˆis the Taylor rule-implied level of the federal funds rate absent any interest rate smoothing or autoregressive errors due to ancillary policy concerns.
With the discreteness adjustment, the combined expression is as follows:
A key feature of the specification in equations (5) and (6) is that it does not impose either hypothesis (λ=0 or ρ=0). Judd and Rudebusch (1998) called ∆i t -1 a term that captured "momentum" from the previous period's funds rate change. The purpose of the discreteness adjustment, however, is to provide an accurate reflection of the momentum implied by the previous period's discrete target changes, which frees ∆i t -1 from having to play this role.
Nonlinear least-squares estimates for equation (5) 
both λ and ρ are significantly greater than zero, and the Taylor rule still seems operative, given significant coefficients on b π and b y . A well-known stability property of Taylor rules is that the coefficient on inflation must be greater than 1 and the estimate of b π =1.25 from equation (5) meets this criterion even if its standard error is 0.50. In most cases, the analysis often stops at this point, with a standard error of the regression of 33 basis points per quarter. Our discussion of the discreteness adjustment leads us to believe, however, that these results might change if the empirical model incorporated information regarding target changes in the previous quarter. Equation (4) suggests that when δ=0, the starting point for interest rate smoothing is the endof-period target rate, rather than the most recent quarterly average. If it is the quarterly average, on the other hand, then a value of δ=-λ would remove the discreteness adjustment, DDV, from equations (4) and (6). The second column of Table 2 shows estimates of equation (6) with an estimate of δ. Put in the context of equation (2), this value of δ implies that the reference rate for interest smoothing is i t -1 +1.24(i T t -1 -i t -1 ).This coefficient is very close to the value of 1.21 that Dueker (2002) found on the same discreteness-adjustment variable in a vector autoregression. In both cases, however, the coefficient δ is not significantly different from zero, which suggests that the reference rate for interest rate smoothing is the end-of-period target rate, i T t -1 , and not the most recent quarterly average, t t -1 . Accordingly, the last column in Table 2 shows the estimates for equation (6) with δ set to zero and finds that the standard error of the regression is essentially unchanged from when δ=0.24 (middle column of Table 1 Dueker and Rasche Table 2 ). In contrast, the standard error of the regression in Table 2 is 21 percent higher when the discreteness adjustment is omitted. Based on this estimate, we set δ=0 in all subsequent model specifications. In terms of Taylor rule coefficients, interest rate smoothing parameters, and autoregressive errors, the estimates with and without the discreteness adjustment are also different. The point estimates of the inflation and output gap response coefficients are higher with the discreteness adjustment, although their standard errors are relatively large. In the last column of Table 2 , the estimated values of b π and b y are 1.85 and 1.07, respectively. In addition, the estimated value of λ goes up and ρ goes down with the discreteness adjustment. Instead of being roughly equal at about 0.75 without the discreteness adjustment, λ=0.92 and ρ=0.44 with the discreteness adjustment (last column of Table 2 ).
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Two caveats, however, hinder us from interpreting λ=0.92 as direct evidence of interest rate smoothing.
First, this estimate covers all quarters and thereby mixes the roughly 40 percent of all quarters when the target federal funds rate did not change with the 60 percent when the target did change. Second, we need to consider the fact that monetary policymakers would not move the target funds rate to the Taylor rule-implied level at the beginning of each quarter; instead they could act slowly but, by the end of the period, set the target rate, i T , equal to the Taylor rate, iˆ. As an extreme example, suppose that the target is always unchanged until two-thirds of the way through each quarter, whereupon it is set equal to the Taylor rate, iˆ. This timing alone would result in a value of λ=0.66 to match the quarterly average: . Firm evidence of interest rate smoothing requires that iˆt -i T t show persistence beyond any found in the autoregressive errors. To study the persistence of iˆt -i T t , however, we would like the estimate of iˆt to come from a model that recognizes that policymakers do not change the target funds rate every quarter and, hence, the standard deviation of the residual, denoted σ, will sometimes be much lower than the 28 basis points shown in Table 2 .
One way to separate the target change/no target change regimes in a predictive model is to make λ and the standard deviation, σ, subject to regime switching. We explore such a nonlinear Taylor rule model of monetary policy in the next section.
ESTIMATION RESULTS FOR NONLINEAR TAYLOR RULES WITH RATE SMOOTHING
A clean test for interest rate smoothing-in the form of persistence in the gap between the Taylor rule rate and the end-of-period target, iˆt -i use an estimate of the Taylor rule rate from a model that had two key attributes: First, the model would not use data from quarters when policymakers did not change the target federal funds rate to estimate Taylor rule coefficients; second, the model would not have autocorrelated errors. The first attribute is important because we want a model that fits the data in quarters where the target does not change with the common-sense specification, ∆i t =DDV t -1 = i T t -1 -i t -1 , which requires in equation (6) that λ=1, ρ=0, and δ=0 for those non-target-change observations. If the second attribute, ρ=0, holds for all observations, then the end-of-period target ought to equal the Taylor rule rate under the hypothesis of no rate smoothing.
To find a model specification that has these two desirable attributes, we introduce Markov switching to two of the model parameters, λ and b 0 , the Taylor rule intercept. The intent is to allow complete smoothing (λ 1 Ϸ1) in one of the states, which ought to coincide fairly well with the periods when the target does not change. The value of λ in the other state, λ 2 , could take on a lower value. The objective behind regime switching in the Taylor rule intercept, b 0 , is to lower or eliminate autocorrelation in the model errors. In a Taylor rule, the intercept b 0 =r*-(1 -b π )π*, where r* is the equilibrium short-term real interest rate and π* is the inflation target. Because temporary changes in some combination of r* and π* could occur across the business cycle or in periods Table 3 N OV E M B E R / D E C E M B E R 2 0 0 4 of financial market upset, it seems natural to investigate whether variation in b 0 could remove some or all of the autocorrelation in the errors. We allow the regime switching in these two parameters to take place independently through two separate state variables, S1 and S2. Thus, the Taylor rule rate with regime switching is (7) , Taylor rule where S1 t =1,2 is an unobserved state variable and the transition probabilities are denoted p 1 =Pr(S1 t =1|S1 t-1 =1) and q 1 =Pr(S1 t =2|S1 t -1 =2 Table 3 . Figure 3 shows the smoothed probability of the low Taylor rule intercept (S1=1) from the model with the discreteness adjustment. The periods when the Taylor rule intercept is low coincide roughly with periods when interest rates experience cyclical fluctuations around recessions, which are shaded in the chart. Importantly, the model with the discreteness adjustment is able to separate periods when the target changed from periods when it did not, because the variance parameters are farther apart for that model. The model with the discreteness adjustment is also able to eliminate the autocorrelation in the errors, whereas the model without the discreteness adjustment still has significantly autocorrelated errors, with ρ=0.28. Without constraining λ, it takes a value very close to 1.0 when S2=1. Even when it equals 0.98 in the model with the discreteness adjustment, the economic effect of this difference in terms of basis points is negligible. In other words, the model imputes essentially zero input from the Taylor rule rate when λ=0.98. from Table 3 . The correspondence is quite close, suggesting that the Taylor response coefficients are not attempting to explain much about the quarters when policymakers left the target rate unchanged, because λ is very close to 1.0 in that state. Despite these apparently strong results, constant transition probabilities are not completely satisfactory for switching in the parameter λ. We would expect that policymakers would respond systematically to economic developments when deciding in which periods to leave the target unchanged and set λ to 1. In reality, these no-change periods have an endogenous component and are not solely the result of coin flips. One natural variable to use to predict whether a target change will occur is Z t =abs(iˆt - 
A MEASURE OF INTEREST RATE SMOOTHING
As discussed above, only models in which the errors are not autocorrelated, ρ=0, imply that the end-of-period target ought to equal the Taylor rule rate under the hypothesis of no rate smoothing. A comparison of Tables 2, 3 , and 4 shows that only the Markov-switching models with the discreteness adjustment eliminate the autocorrelation in the model errors. Consequently, a direct measure of the degree of interest rate smoothing is the correlogram of iˆt -i T t from these two models. However, because the value of the likelihood function barely changes between Tables 3 and 4 for the model with the discreteness adjustment, we concentrate on the results from Table 3 , the specification with fixed transition probabilities. Figure 5 shows the Taylor rule rate implied by the Table 4 estimates with the end-of-period target. In general, the Taylor rule rate leads the target when the target rises and falls. 
SUMMARY AND CONCLUSIONS
This article points out that discrete changes to the target federal funds rate are a clear source of predictable change in the monthly or quarterly average of the daily federal funds rates. Figure 2 suggests that the adjustment for the discrete target changes accounts for what is perhaps a surprising amount of the sample variance of the changes in the quarterly average. Thus, the discreteness adjustment carries the potential to overturn estimation results that involve the monthly or quarterly average of the federal funds rate. We present such an example by examining the debate concerning interest rate smoothing in policy rules. Without the discreteness Table 5 Dueker and Rasche
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N OV E M B E R / D E C E M B E R 2 0 0 4 adjustment, estimation results suggest that interest rate smoothing is not the only source of gradualism in interest rate changes. With the discreteness adjustment, however, the empirical results strongly favor interest rate smoothing as the source of gradualism in federal funds rate changes. We also show that the discreteness adjustment affects empirical results concerning the policy equations even in relatively rich models that include regime switching. The Markov-switching framework we present is adept at separating the regime where policymakers change the target from the regime where they do not. This framework can employ explanatory variables in the transition probabilities to predict these regimes ahead of time. Future work can concentrate on studying the determinants of the target change decisions of policymakers.
